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1. INTRODUCTION

VariReg is a software tool for general purpose multidimensional regression modelling with the
main emphasis on methods used in metamodelling / surrogate modelling. VariReg was originally
developed for experimental and educational purposes and it is primarily intended for use on small
and moderately-sized numerical data sets. The tool provides means for creating “full” polynomial
regression models (also called Response Surface models), sparse polynomial models (also called
partial polynomial models) employing subset selection algorithms, such as Sequential Forward
Selection (SFS; also known as Forward Selection or Forward Stepwise Selection), Steepest Descent
Hill Climbing (SDHC), Random Restart Hill Climbing (RRHC), and Sequential Floating Forward
Selection (SFFS), as well as different other regression modelling techniques — Adaptive Basis
Function Construction (ABFC), Locally Weighted Polynomials (LWP), k-Nearest Neighbours
(k-NN), Radial Basis Function (RBF) interpolation, Kriging interpolation, Multivariate Adaptive
Regression Splines (MARS), and Polynomial Neural Networks (PNN) induced by Group Method of
Data Handling (GMDH). In the methods, the model evaluation and hyperparameter selection is
done using one of the following criteria: F-test, Corrected Akaike’s Information Criterion (AICC),
Schwarz’s Bayesian Information Criterion (BIC), Generalized Cross-Validation (GCV), v-fold
Cross-Validation (CV), Leave-One-Out Cross-Validation (LOOCV), or a simple Hold-Out. The
modelling methods (or models generated by them) can be evaluated using v-fold Cross-Validation
or Hold-Out. The full and sparse polynomial models can also be represented in a "spreadsheet-
friendly" way.

VariReg also enables all the implemented regression modelling methods to be combined
together using a number of model averaging techniques: simple unweighted averaging, averaging
weighted by LOOCV error, LOOCV error variance, or LOOCV error correlation, as well as
averaging by Stacking.

All the VariReg’s regression modelling methods, including model averaging, can also be put to
work from:

e acommand line using .ini configuration files;

e Matlab environment using wrapper functions provided together with VariReg.

Note that the implementations of regression modelling methods in VariReg can be considerably
faster (even orders of magnitude) than the same methods scripted in Matlab.

In the context of metamodelling / surrogate modelling, VariReg can be employed for building
metamodels / surrogate models for evaluation and comparison of the different techniques as well as
for further use in what-if analysis, design optimization, design space exploration etc.

VariReg also provides means for optimization of the values of output variables using the built
regression models as objective functions. In the current version of VariReg the following
optimization algorithms are implemented: Particle Swarm Optimization (PSO) and a simple Grid
Search (GS).

This user’s manual provides a brief overview of the implemented regression modelling methods
as well a short guide to VariReg’s input file format, user’s interface, and provided access from
command line and Matlab environment.

Note that the current version of VariReg is implemented as single-threaded and the software
may appear as hung-up while performing some longer model building, prediction, or optimization
operations.

The VariReg tool can be downloaded at http://www.cs.rtu.lv/jekabsons/.
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2. IMPLEMENTED REGRESSION MODELLING METHODS

A regression model describes a relation between a vector of d real valued input variables
(features) x = (Xl,xz,...,xd) and a single real valued output variable y. Using a finite number n of

training observations (data cases or data points) (X, Y ), I =1,2,...,n one wants to build a model

F that allows predicting the output value for yet unseen input values as closely as possible (Hastie
2009, Cherkassky & Mulier 2007).

2.1. Error measures

See Table 1 for how the error measures used in VariReg are calculated, where Y is the mean of

the observed values of y. The lower the value of an error measure (except STD and VAR), the
closer the model is to the particular data points. In VariReg the main results are displayed in
RRMSE form. It is calculated by dividing RMSE by STD. While RMSE represents model’s
deviation from the data, the STD captures how irregular the problem is. With validation or test data
sets, RRMSE equal to 0 is a perfect fit; RRMSE value approaching 1 indicates that the model is no
better than a mean value of y; RRMSE value largely exceeding 1 indicates that the model probably
drastically overfits the training data. For R? the opposite is true.

All the measures are used for training data (calculation of training error for calculation of values
of complexity penalization criteria), for validation data (calculation of validation error with Hold-
Out or Cross-Validation), as well as for test data (calculation of test error with Hold-Out or Cross-
Validation). With Cross-Validation the measures are calculated separately for each Cross-
Validation fold and in the end an averaged value is calculated.

Table 1
Calculation of error measures (here n denotes the number of data points in the used set — training,
validation, or test set)

Measure Calculation
Sum of Squared Error n 5
(SSE) SSE = Z(ya) - F(Xm))
Mean Squared Error (MSE) SSE

ln
MSE = —— n _HZ( 0) F(X(n))

i=1

Root Mean Squared Error

(RMSE) RMSE = +/MSE \/ Z(y(,) F(x,))

i=1

Standard Deviation (STD) 1
STD \/

HZ(V(U - 37)2

1< 2
7Z(y(i) - F(X(i)))

Relative Root Mean

Squared Error (RRMSE) \/
RRMSE = "MSE _ YN
1< —\
\/n Z(y(n y)
Variance (VAR) 1< =
VAR = HZ(ym - y)2
i=l
R’ [
MSE EZ(ym F(X(l)))
R*=1- =1-—-
VAR 1
n4




2.2. “Full” polynomials

Low-degree “full” polynomials are the most widely used regression models. For example, first-
degree full polynomial can be defined as

d
FO) =2, +2 3, (1)
i=1
and second-degree full polynomial can be defined as
d d_d
F(X)=a,+ D aX + > > a XX, (2)
=1

i=1 j=i
where ao, a;, ajj, are model’s parameters and d is the number of input variables. VariReg tool
implements full polynomials of any user-predefined degree in interval [0,100].

Generally, a polynomial regression model may also be defined as a linear summation of basis
functions:

FOEDIRACY G)

where k is the number of basis functions (equal to the number of model’s parameters); fi(X)
(i=12,...,k) is a predefined polynomial basis function. The number of the basis functions in

polynomial model of degree p is
m=]]" a+d/i). 4)

The estimation of model’s parameters is made based on the training data typically using the
Ordinary Least-Squares (OLS) method, minimizing

a= argrrgn_zn:(y(i) - F(X(i)))2 (5)

where X, is the vector of input variables’ values of the ith data point and Y/, is the output value of

that point. In VariReg, for “full” polynomials as well as all the other regression modelling methods
discussed below the systems of linear equations in OLS are solved using Gaussian elimination and
backsubstitution.

2.3. Sparse polynomials and subset selection

Low-degree polynomial approximations have been well accepted in practice, as they require
low number of data points and are computationally very efficient. On other hand they can not
approximate highly nonlinear behaviours. Instead, higher-degree polynomials can be employed.
However, if no special care is taken, they tend to overfit the data and produce high errors in regions
where the data points are relatively sparse. One possible remedy for the overfitting problem is
employment of the subset selection methods. The methods are aimed to identify the best subset of
polynomial terms (or basis functions) to include in the model and to remove the unnecessary ones,
in this manner creating a sparse polynomial model of increased predictive performance. VariReg
tool implements methods for building sparse polynomial models of any user-predefined degree in
interval [0,100].

In the subset selection, if the full set of predefined basis functions is ¢ then any of its subsets

f < ¢ can be specified as a binary vector s with cardinality m =|S| (i.e. the total number of
predefined basis functions) in which the jth value equal to 1 means that the jth basis function ¢; is

included in the subset forming the model but a value equal to 0 means that it is not:



Usually, the full set of basis functions ¢ is equal to the set of basis functions in a full
polynomial model of a user-predefined maximal degree p (a non-negative integer). Hence, for
example, if d =3 and p =2, then the full (ordered) set contains m =10 basis functions

¢ = {1,Xl,Xz,X3,X12,X22,X32,X1X2,X1X3,X2X3}
and the vector
s =(1,0,1,01,1,0,01,0)"
corresponds to the subset
f= {l,xz,xf,xj,xlx3}
which in turn corresponds to the model
F(X)=a, +a,X, +a,X) +3,X; +a,XX;.

Formally, the problem of finding the best subset f* can be defined as finding the best

combination of values for m bits in the vector s:

s' = argminJ({gﬁj | j=12,..m;s; = 1}) (7)

where J(.) is a criterion which evaluates the predictive performance of the regression model
resulting from the subset.

Searching though all the possible combinations of m bits requires evaluation of 2™ models, i.e.
exponential runtime and thus is impractical in most cases. Hence in subset selection heuristic search
algorithms are used. They efficiently traverse the space of subsets, by adding and deleting basis
functions and use an evaluation measure that directs the search into areas of increased performance,
i.e. where the “better” models are.

VariReg implements the following heuristic search algorithms for subset selection (Pudil et al.
1995, Hand et al. 2001, Miller 2002, Russell & Norvig 2002, Webb 2002):

e Sequential Forward Selection (SFS; also known as Forward Selection);

e Steepest Descent Hill Climbing (SDHC) with optionally randomized starting model

(transforming the algorithm to the Random Restart Hill Climbing, RRHC);

e Sequential Floating Forward Selection (SFFS).

All the algorithms can be used together with the following criteria (except that SFS can also be
used together with the F-test):

e Small sample corrected Akaike’s Information Criterion (AICC) (Hurvich & Tsai 1989);

e Bayesian Information Criterion (BIC) (Schwarz 1978) — equal to the two-part Minimum

Description Length criterion (Rissanen 1978);

e (Generalized Cross-Validation (GCV) (Golub et al. 1979, Craven & Wahba 1979);

e v-fold Cross-Validation (CV) (Zhang 1993, Kohavi 1995, Hastie 2009).

Table 2 shows how the values of the complexity penalization criteria are calculated.

Table 2
Calculation of the complexity penalization criteria
Criterion Equation
AICC AICC =nlIn(MSE) + 2k + (2k(k + 1)) /(n—k —1)
BIC BIC = nIn(MSE) + k In(n)
GCV GCV =nIn(MSE) - 2nIn(1 -k /n)

SFS is one of the simplest and most widely known search algorithms for subset selection. It
starts with the simplest model (typically an empty subset of basis functions or a subset of only the
intercept term in it) and iteratively adds the functions leading to the highest performance increase
(according to the chosen criterion — AICC, BIC, GCV, or CV) until the model performance cannot
be enhanced any further by adding a single basis function.



SFS with F-test also starts with the simplest model and sequentially adds those basis functions
to the model that most significantly improves its fit to the training data. To avoid overfitting, the
significance of the MSE improvement gained by adding the basis function to the current model is
tested. The improvement is significant, if the obtained F value

F (MSE, — MSE,,)/(k,, —k)
MSE,, /(n—k,,)

is greater than a predefined significance threshold value F,(k,, —k,,n—k,,) where kv is the

(8)

number of basis functions in the full model (with all the basis function included); ky is the number
of basis functions in the current model; MSEy, is the MSE of the full model; MSEy is the MSE of
the current model; o =0.15 (a recommended value for subset selection (Hocking 2003)). SFS
proceeds with greedy search by choosing the largest significant improvement and stops, if no
significant improvement is possible.

VariReg also implements a possibility to automatically select the best maximal degree using CV
however this process requires significantly larger computational resources.

2.4. Adaptive Basis Function Construction

The approach of subset selection assumes that the chosen fixed full set of predefined basis
functions (in the VariReg it is chosen in the most common way — by setting the maximal degree of
the polynomial) contains a subset that is sufficient to describe the target relation sufficiently well.
Hence, the efficiency of subset selection largely depends on whether or not the predefined set of
basis functions contains such a subset.

There exists a different approach for polynomial model building which does not assume a
predefined set of basis functions — Adaptive Basis Function Construction (Jekabsons 2010,
Jekabsons & Lavendels 2008, Jekabsons 2008). The approach allows generating polynomials of
arbitrary complexity and degree without the requirement to predefine any basis functions or to set
the maximal degree of the polynomial — all the required basis functions are constructed adaptively
specifically for the data at hand. At the same time the required computational resources are
considerably reduced comparing to those required for performing subset selection (Jekabsons 2010,
Jekabsons & Lavendels 2008, Jekabsons 2008).

As already said, generally, a polynomial model can be defined by a linear summation of basis
functions:

F(x) = Zai fi (%) ©)

where the coefficients a are calculated using OLS; fi(x) is a basis function which generally can be
defined as a product of original input variables each with an individual exponent:

fi(x)=ﬁx;" (10)

where r is a k xd matrix of non-negative integer exponents such that rjj is the exponent of the jth
variable in the ith basis function. Note that when for a particular ith basis function rjj =0 for all j,
the basis function is the intercept term.

Given a number of input variables d, matrix r with a specified number of rows k and with
specified values of each of its element completely defines a model with all its basis functions. The
set of basis functions included in a model is then equal to

d
f= {H X[ i = 1,2,...,k}. (11)
j=1



For example, if d =3 and k =4, then the matrix

0 0O

1 00
r =

01 3

1 1 1

corresponds to the set
00,0 1,00 0,13 1ylyl 3
f= {x1 Xy X35 X X5 X5 5 X X5 X5, x1x2x3}: {1, X, X, X; x1x2x3}

which in turn corresponds to the model

F(X) = a,X/X3Xy +a,X Xy X5 +a, X/ Xs X5 +a,X Xy X =

=a, +a,X, +a,X,X] +a,XX,X;.
Formally, the problem of finding the best subset f* can be defined as finding the best combination
of values for m bits in the matrix r:

d
r*= argminJHH X[ |i= 1,2,...,k}j. (12)
r j=l1

As neither the upper bounds of r elements’ values nor the upper bound of k are defined, it is
possible to generate polynomial models of arbitrary complexity, i.e. of arbitrary number of basis
functions each with an arbitrary exponent for each of the input variables. This makes the model
building process highly flexible.

Construction of the model is carried out in an iterative manner directly with the matrix r using a
number of simple so-called model refinement operators that allow adding, copying, modifying, and
deleting the rows of r, i.e. adding, copying, modifying, and deleting the basis functions of the model.
The employed search (combinatorial optimization) procedure is a modification of the SFFS
algorithm (hence the method is called Floating ABFC, i.e. F-ABFC) while models are evaluated
using the AICC (in VariReg also BIC and GCV can be employed here). A more detailed description
of the F-ABFC is given in (Jekabsons 2010, Jekabsons & Lavendels 2008).

However, there are two issues that may plague all the methods of model building (including
subset selection and ABFC), especially when working with relatively small data sets: the selection
bias and the selection instability (also called selection variance) (Jekabsons 2010, Jekabsons 2008).
In order to deal with the two issues, a method of ensembling the models built by F-ABFC is
proposed (Jekabsons 2010, Jekabsons 2008) — Ensemble of Floating Adaptive Basis Function
Construction (EF-ABFC). It is done using a collaboration of two techniques: 1) CV performed over
the entire F-ABFC search process for selection of one final best model from the best models of each
F-ABFC iteration (the validation set is not used for model evaluation during the search, instead it is
used strictly only for evaluation and selection after the main search process has already ended). This
additional evaluation can detect whether the search process at some iteration might have started to
generate overfitted models and select a model of some earlier iteration that is hopefully not (or at
least less) overfitted; 2) the v models from the v CV loops are combined using a simple ensemble
technique — unweighted model averaging. Combining models in this way has the effect of
smoothing out erratic models that overfit the data and gain more stability in the modelling process
(especially for small and noisy data). However, there is also a disadvantage for the EF-ABFC — it
requires larger computational resources.

2.5. Locally Weighted Polynomials

Locally Weighted Polynomial approximation (also called Locally Weighted Regression or
Moving Least Squares) (Cleveland & Devlin 1988) is designed to address situations in which the
models of global behaviour do not perform well or cannot be effectively applied without undue
effort. The LWP approximation is carried out by pointwise fitting of low-degree polynomials to



localized subsets of the data. The advantage of this method is that the analyst is not required to
specify a global function of the data. However, the method requires considerably higher
computational resources for finding the best values of the hyperparameters as well as when LWP is
finally used for prediction.

The assumption of the LWP approximation is that near the query point the value of the actual
response changes smoothly and can be approximated using a low-degree polynomial. The
coefficients of the polynomial are calculated using the Weighted Least-Squares method giving the
largest weights to the nearest (usually according to the Euclidean distance) data points and the
smallest or zero weights to the farthest data points.

The coefficients a of the polynomial are calculated, minimizing

8 = arg min Y W(Xguy - X (F (X)) = ¥y ) (13)
i=1

where W is a weight function; Xqery is the query point nearest neighbours of which will get the
largest weights. The weight function w depends on the Euclidean distance (in scaled space) between
the point of interest Xquery and the points of observations X. One of the most widely used weight
functions is the Gaussian weight function. In VariReg there are two different kinds of weighting for
Gaussian weight function implemented.

The first kind uses a weight function which takes into account the distance to the farthest point.
It is defined as follows:

2
WXy ) = expl- ) (14)
where « is a coefficient and the 4 is a scaled distance from the query point to the ith point in the
training data set:

qu”ery B XU)H (15)

‘L[. =
>

query X farthest

where HH is the Euclidean norm; Xarthest 1 the farthest training point from the point Xquery. The

locality of the approximation is controlled by varying the value of the coefficient « . If « is equal
to zero then local approximation transforms into global approximation.

The second kind of weighting uses a weight function which does not take into account the
distance to the farthest point. It is defined as follows:

2
Hi
W(Xquery > X(i)) = exp(_ Té)zj (16)

where « is a coefficient and 4, is the distance from the query point to the ith point in the training
data set:
Hiy = quuery - X(i)H : (17)

For this kind of weighting, the locality of the approximation is also controlled by varying the
value of the coefficient « . However, the lower is the « , the more local is the approximation.

In VariReg, for both these kinds of weighting, the best value of o can be found using the
LOOCYV technique. It is done using the following algorithm. First, a minimum of LOOCYV is found
using larger steps (an increment of 10 or 0.1 for each of the two kinds correspondingly) from a
starting value (0 or 0.001 correspondingly). This search is stopped when there were already 5 steps
without LOOCYV improvement. After that the second phase is engaged where a refined search with
smaller steps is performed in the region of the minimum until the step size is lower than 0.025 or 2
correspondingly.

VariReg enables working with LWP of user-predefined degree or choose the best degree
automatically using LOOCV.

10



2.6. k-Nearest Neighbours

Generally, the formula for k-NN can be written as

k
D WY,

F(x)==— (18)
W
i=l
where ', is the output value of ith point from the k points nearest to the query point X and w; is

the weight of that point. Here closeness implies the Euclidean distance.

VariReg implementation of k-NN offers three distance weighting schemes (Witten & Frank
2005):

e no weighting, i.e. W, =1 (i=12,...,K);

o W =1/x=xg| (i=12,..k)
° W, :l—Hx—x'(i)H (i=12,...k),

where X', is the input value of ith point from the nearest ones. For the second scheme, when a

()
distance is equal to zero its weight is assumed to be infinite — a simple average of all the y';,’s for

which the distance is zero is calculated.
2.7. Radial Basis Function interpolation

RBF was originally developed for scattered multivariate data interpolation (Hardy 1971). It uses
a series of basis functions that are symmetric and centred at each sampling point. Radial basis
functions are a special class of functions with their main feature being that their response decreases
(or increases) monotonically with distance from a central point (Queipo et al. 2005). The centre, the
distance scale, and the precise shape of the radial function are parameters of the model. The RBF
interpolation implemented in VariReg can be expressed as follows (Jin et al. 2002):

Foo =+ Y aglx-x,) (19)

where u is either a polynomial model or a constant value; a are coefficients calculated by solving a
linear system; ¢ is a basis function, for which there are many different choices, such as

multiquadric, inverse multiquadric, polyharmonic, thin plate spline, Gaussian, etc. Detailed review
on RBF methods can be found in (Powell 1987, Gutmann 2001). In VariReg three of the most
popular and efficient (e.g. see (McDonald et al. 2000, Colaco & Dulikravich 2008)) types of basis
functions are implemented: multiquadric, thin plate spline, and Gaussian. Multiquadric basis

functions are defined as follows
#(dist) = v/dist> +c? (20)
and thin plate spline basis functions are defined as follows
#(dist) = (dist® + * Jin(y/dist® + ¢ ) 21)

where the shape parameter C is kept constant, e.g. as 1 (Acar & Rais-Rohani 2009) or as 1/n (Colaco
et al. 2007). And the u is defined as a constant value — mean of'y:

1 n
i=1
Gaussian basis functions are defined as follows
) dist?
dist)=exp| — 23
o) exp - S | @)

11



where O is the radius (also called smoothing parameter) of the basis function which in VariReg
may be set manually by the user or can be found automatically using LOOCV. The automatic
search is done by trying different values starting from 0.1 and adding 0.1 (if current 6 is lower than
1.0) or adding 1.0 (if currentod 1is higher than or equal to 1.0). The search is stopped when in series
of five steps no improvement over the so-far-best 6 value was found.

A special case of RBF interpolation is the Shepard interpolation (Shepard 1968, Press et. al.
2007). In VariReg, the simplest form of Shepard interpolation is implemented. The interpolation

formula is
Z y(i)¢(”x - X(i)”)
F(x)="2 (24)

Z::‘émx - Xmu)

(with appropriate provision for the limiting case where X is equal to one of the Xj’s). Note that no
solution of linear equations is required.
Shepard proposed the simple power-law function
#(dist) = dist™ (25)
with (typically) 1<c <3 . While the Shepard interpolation is rarely as accurate as other RBF
interpolations, it is simple and computationally very efficient.

2.8. Kriging interpolation

Kriging interpolation (sometimes also called Spatial Correlation Modelling or even Gaussian
Process Regression) was originally developed by Georges Matheron based on the work of Daniel
Gerhardus Krige. The mathematical form of a Kriging model has two parts

F(X)=pu+Z(X) (26)
where u represents a global model (in VariReg it is a polynomial model of user-defined degree O, 1,

or 2) and Z(X) is the realization of a stochastic process with mean zero and spatial correlation
function given by

COV(Z(Xm)’Z(X(j))): o R(X)» X)) 27)

where o is the process variance and R is a correlation function (Jin et al. 2001, Jin et al. 2002,
Martin & Simpson 2005). A variety of correlation functions can be chosen (Simpson et al. 1998).
VariReg offers exponential, Gaussian, linear, spherical, and cubic spline correlation functions.

The choice of correlation function should be motivated by the underlying phenomenon, e.g. a
function to be optimized or a physical process to be modelled. If the underlying phenomenon is
continuously differentiable, the correlation function will likely show a parabolic behaviour near the
origin, which means that the Gaussian or the spline function should be chosen. Conversely, physical
phenomena usually show a linear behaviour near the origin, and exponential, linear, or spherical
would usually perform better (Lophaven et al. 2002, Isaaks & Srivastava 1989).

The advantage of the Kriging method is that it is very flexible. The major disadvantage of the
method is that the model construction can be very time-consuming as determining of the correlation
function parameters used to fit the model is a d-dimensional optimization problem. Moreover, the
correlation matrix can become singular if multiple data points are spaced close to one another or if
the data points are generated from particular designs (Jin et al. 2001).

In the VariReg, the user must provide initial guess, as well as lower bound and upper bound of
correlation function parameters.

Kriging implementation in VariReg is based on the DACE (Design and Analysis of Computer
Experiments) Toolbox (Lophaven et al. 2002) (http://www2.imm.dtu.dk/~hbn/dace/) and requires
Matlab to be installed on the computer. In VariReg the user must only browse for the matlab.exe
file — no additional configuration of Matlab or special installation of the DACE toolbox is required.
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2.9. Multivariate Adaptive Regression Splines

Multivariate Adaptive Regression Splines was originally developed by Jerome H. Friedman
(Friedman 1991a, Friedman 1991b, Friedman 1993) as a method for flexible regression modelling
of high dimensional data (i.e. a large number of input variables). The model takes the form of an
expansion in product spline basis functions, where the number of basis functions as well as the
parameters associated with each one (product degree and knot locations) are automatically
determined by the data through a forward/backward iterative approach.

MARS model can be defined as a sum of basis functions:

F(x)=a, +Zk:ai f.(X) (28)

where f,(X) is a basis function; K is the number of basis functions in the model except for the
constant basis function f;(X) =1 coefficient of which is the a,. All the coefficients a are calculated
using the OLS. The basis functions are of the form

f,(x) = H [Sji Xy — L )]+ (29)

where d is the number of variables (interaction order) in the ith basis function; s; =£1; X, is

the vth variable, 1<V(],i)<d; t; is knot location on each of the corresponding variables. The

subscript “+” means that the function is a truncated power function.

The user must adjust the following options:

e Maximum number of basis functions;

e Maximum number of interactions;

e Speed (1 —no acceleration; 5 — maximum speed advantage; default is 4);

e Penalty per knot (1..9; default is 3; the best value can also be found using 10-fold Cross-
Validation). Theory suggests values in the range of about 2 to 4. Larger values will lead to
fewer knots being placed. The recommended (and default) value is 3 (Friedman 1991b);

e Penalty for increasing the number of variables in the MARS model, sometimes useful with
highly collinear designs as it may produce nearly equivalent models with fewer input
variables (0 — no penalty; 0.05 — moderate penalty; 0.1 — heavy penalty; default is 0);

e Interpolation type (piecewise-linear or piecewise-cubic).

VariReg implements MARS version 3.6 based on the original Fortran source code of Friedman

which can be found for example in XTAL software package
(http://www.ece.umn.edu/users/cherkass/ee8591/software/xtal.html).

2.10. Polynomial Neural Networks

The GMDH method is mainly referred as a method for self-organizing polynomial neural
networks (Ivakhnenko 1968, Barron et al. 1984, Farlow 1984, Elder IV & Brown 2000). The most
widely known of its variations work exclusively with polynomials and therefore also the result of
the method can be written in polynomial form.

The building blocks of GMDH usually are second or third degree polynomials (often they are
sparse polynomials generated by some algorithm of subset selection) of two or three input variables.
Such building blocks, also called partial descriptions (PDs), like neurons in neural networks, are
arranged in layers (see Figure 1). The coefficients of each PD are calculated using the OLS by
trying to approximate the original dependent variable y of training data. The exact number of layers
and connections of the network as well as the structure of PDs is not set a priori but is the object of
search layer by layer. The maximal number of PDs selected in each layer is usually set equal to the
number of original input variables.
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Figure 1. An example of GMDH polynomial neural network structure

GMDH is argued to be advantageous in handling a relatively big number of variables (including
irrelevant ones) and noisy or small data samples (Ivakhnenko 1968, Elder IV & Brown 2000). In
comparison with one-step-greedy methods, GMDH grows models by blocks of terms at a time.

There exists a wide spectrum of GMDH methods, even if only those which work exclusively
with polynomial PDs are considered (e.g. see (Ivakhnenko 1968, Barron et al. 1984, Farlow 1984,
Elder IV & Brown 2000, Anastasakis & Mort 2001)). VariReg implements a variation of GMDH
which is similar to the classical combinatorial algorithm (Ivakhnenko 1968, Farlow 1984).

The user must adjust the following settings:

e maximum degree for polynomials in PDs;

e maximum number of inputs for PDs (2 or 3);

e whether the PDs are full polynomials or their structure is generated by a subset selection

algorithm (SFS, SDHC, or SFFS);

e criterion for subset selection and stopping of network building (note that in VariReg the
complexity of the network is estimated by calculating the sum of the number of parameters
in all the PDs which are directly or indirectly connected to the best PD in the last layer);

e the maximum number of PDs in each layer;

e whether in each successive layer PDs take inputs from PDs of immediately preceding layer
or also from the original input variables.

2.11. Model averaging/ensembling/combining

Model combination approaches are an attempt to take advantage of multiple models instead of
just a single model in the hope that the models would correct each others errors.

Typical model combination procedures consist of a two-stage process (Cherkassky & Mulier
2007). In the first stage, the training data are used to separately estimate a number of different
models. The parameters of these models are then held fixed. In the second stage, these individual
models are linearly combined to produce the final model.

The combined model can be expressed as follows:

b
Fooms (X) = z w; F () (30)

where F_,, (X) is the combined model; b is the number of models combined; w; is the weight for
the ith model; F,(x) is the ith model.

VariReg implements a number of procedures of combining the models:
a simple unweighted average;
averaging weighted by LOOCYV error;
averaging weighted by LOOCYV error variance;
averaging weighted by LOOCYV error correlation;
averaging by Stacking employing OLS;
averaging by Stacking employing Non-negativity constrained Least Squares (NNLS).
For the unweighted average, the weights are computed as:
w, =1/Db. 31)
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The unweighted averaging does not take into account that the different models may not have the
same level of accuracy. The other implemented model combining procedures on the other hand in
general try to select the weights such that the models with high accuracy have larger weights than
those of models with lower accuracy hence attempting to enhance the predictive performance of the
whole ensemble. For these procedures, the calculation of weights depends on the LOOCV
resampling technique where the performance of an individual model is estimated by building the
model n times while each time keeping out of the training data a different data point and predicting
its output value using the built model (Cherkassky & Mulier 2007, Acar & Rais-Rohani 2009).

The averaging based on the LOOCYV error calculates an SSE value for each of the models:

. i 2
SSE; = Z(y(j) -F J(Xu‘))) (32)
i=1
where F,”J(x) is the ith model built on the training data with the jth data point excluded. Then the

weights are computed as:

1 b ]
'~ SSE, Zjl SSE, (33)

Here the division by the sum of inverse errors ensures that the following requirement is
satisfied:

b
>w, =1. (34)
i=l

The averaging based on the LOOCV error variance computes the weights as (Acar & Rais-

Rohani 2009):

1 /& 1 ", (SSE; . 2\’
W, = , VAR = ——y,, —F7(x . ) 35
! VARI ;VARJ ! Z( n (y(l) i ( (J))) j ( )

j=1

The averaging based on the LOOCYV error correlation computes the weights as (Bishop 1995,
Acar & Rais-Rohani 2009):

b b b
w, =Y (C™h),; /Y€, (36)
i=l I=1 j=I

where C is the error correlation matrix whose elements are calculated from

1 n
Cij = HZ(Fi_I (X(l)) - y(I)XFj_I (X(l)) - y(|))~ (37)

1=1
In the averaging based on the Stacking approach (Wolpert 1992, Breiman 1996, Cherkassky &
Mulier 2007) the weights are selected by solving a simple optimization problem:

W= argnbvinzn:(y(i) - Z(Wi F (X(i)))j . (38)

i=l
This optimization problem can be solved using the OLS. However, it is expected that the predictive
accuracy of the ensemble will increase when also (34) and w, >0, i=12,..,b are satisfied

(Breiman 1996, LeBlanc & Tibshriani 1993). To solve (38) with the non-negativity constraints, the
NNLS is used (note that VariReg solves the NNLS problem using Matlab requiring it to be installed
on the computer).

It is worth noting that the models used for combination are recommended to be diverse. In
VariReg any of the individual regression modelling methods may be used for combination — full
and sparse polynomials, ABFC, LWP, k-NN, RBF, Kriging, MARS, and PNN.
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3. IMPLEMENTED OPTIMIZATION ALGORITHMS

VariReg provides means for single-objective optimization (either minimization or
maximization) of the values of output variables using the built regression models as objective
functions. In the current version of VariReg, the following optimization algorithms are
implemented: Particle Swarm Optimization (PSO) and a simple Grid Search (GS).

3.1. Particle Swarm Optimization

PSO was initially proposed by Kennedy and Eberhart (Kennedy & Eberhart 1995). It is a
stochastic population-based global optimization algorithm inspired by the social dynamics of
flocking organisms, which employs a swarm of particles to probe the search space.

A particle of the swarm is completely described by its current position in the search space, its
velocity vector, a memory of its best previous position, and information regarding the best position
ever attained by the swarm. Using this information, the velocity vector is used to update the position
of each particle in the swarm (Kennedy & Eberhart 1995, Michalewicz 1995, Marler & Arora 2004,
Rojas et al. 2004).

The initial swarm is created by distributing the particles randomly throughout the search space.
The initial position the initial velocity vectors of particles indexed by i are given by the following
equations:

Xi (O) = Xmin + r1 (Xmax - Xmin) (39)
Vi (O) = Xmin + rZ (Xmax - Xmin) (40)
where r; and r; are random vectors with components uniformly distributed in the interval [0,1]; Xmin
is the lower bound vector and Xmayx is the upper bound vector for the variables.
At each optimization step, each particle adjusts its position and velocity according to the
following equations:
X,(t+D)=x{)+Vv,(t+1) (41)

Vi (t+1) = wv; ©) + 61, (P =% (D) +C,r (P, = X (1) (42)
where t indicates iterations; y and r, are random vectors with components uniformly distributed in
the interval [0,1]; p; is the best position found by the ith particle so far and p;s is the best position
found by any particle so far; the parameters c; and C, are called cognitive and social parameters,
respectively, and they are used to bias the particle’s search towards its own best previous position
and towards the best previous position of the swarm; the parameter W is called inertia weight and is
used to control the trade-off between the exploration and the exploitation ability of the swarm. Note
that in the case when the velocity of a particle would move it outside the search space, the particle is
moved back up to the border of the space. Also the velocities of the particles are not allowed to be
higher than (Xmax — Xmin)-

Regarding parameters C; and C, the literature (Kennedy & Eberhart 1995, Michalewicz 1995,
Marler & Arora 2004, Rojas et al. 2004) proposes using either ¢, =C, =2 or other values satisfying
C, +C, =4. For inertia weight w, generally the value is proposed somewhere around 1. However,
the value of w may also be dynamically reduced, e.g. from 1 to 0.35. In VariReg the value of w is at
first initialized with w; and then in each optimization step the value is reduced by Aw until in the
very last step tmax it reaches W, (W, < Ww,), i.e. the updating scheme for w is

w(t +1) = w(t) - Aw (43)
where W(0) =w, and Aw=(w, —w,)/t_. . While the maximum number of performed iterations
tmax 1s defined by the user, the algorithm also stops when all the particles are at the same position.

Additionally, to reduce the probability of not obtaining the globally optimal solution due to
convergence to a local optimum, VariReg offers an additional parameter — “number of restarts”

which determines how many times the whole PSO algorithm must be completely restarted to obtain
a possibly better solution.
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3.2. A simple Grid Search

GS is a trivial algorithm intended for use in very low dimensionalities. The y values are probed
in a uniform grid fineness of which is defined by the number of the considered values for each
dimension. The advantage of GS is that it is completely deterministic meaning that given the
number of values for the variables it will always produce the same result.
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4. VARIREG USER’S INTERFACE

4.1. Input file format

See Figure 2 and Figure 3 for explanations of VariReg’s input file format (for training data and
test data correspondingly). Note that after loading of training data set, it is possible also to take
some percentage of data points from the training data set as Hold-Out data for testing or use the data
with Cross-Validation.

Demo < Name of the data set
3 100 < Number of input variables plus 1 fory (d+1)
Yy and number of data points in the file (n)
x1 < Name for output variable followed by the
X2 names of input variables one in each line
0.45 0.69 0.63 <« Data. Each row corresponds to one data
0.73 0.03 0.41 point with value of output variable
L. followed by the values of input variables
0.34 0.02 0.76 separated by one or more spaces or one tab
(the values must be in simple fixed-point or
in standard scientific format; the only
recognized decimal separator is the point)
Figure 2. Input file format — the training data
100 < Number of data points in the file (the
0.45 0.69 0.63 pumbes s o et b
0.73 0.03 0.41 _
< Data
0.34 0.02 0.76

Figure 3. Input file format — the test data

4.2. User’s interface

VariReg user’s interface consists of a window with tabs and a log. There are the following tabs:

tab “Data” — manipulation of training and test data sets as well as Cross-Validation for
evaluation of the modelling methods;

tab “Polynomials” — full and sparse polynomials built by subset selection methods;

tab “ABFC” — modelling using Adaptive Basis Function Construction;

tab “LWP” — modelling using Locally Weighted Polynomials;

tab “k-NN” — modelling using k-Nearest Neighbours;

tab “RBF” — modelling using Radial Basis Function interpolation;

tab “Kriging” — modelling using Kriging interpolation;

tab “MARS” — modelling using MARS;

tab “PNN” — modelling using Polynomial Neural Networks induced by Group Method of
Data Handling;

tab “Averaging” — modelling using model averaging/ensembling/combining;

tab “Optimization” — optimization of the values of output variables using the built regression
models as objective functions;
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tab “Information” — information about VariReg’s version, copyright, author’s contact e-mail
and webpage address, as well as citations for references.

4.2.1. Tab “Data”

Figure 4 demonstrates user’s interface of the tab:

l.
2.

Button for loading training data set.

For all types of Cross-Validation it is important that the order of the data points in the whole
training data set is uninformative (randomized). This checkbox provides the possibility to
shuffle the order of the data points in the training data set right after loading it. The “random
seed” enables the shuffling to be identical if multiple modelling methods are tested and the
training data is reloaded.

Button for saving the (shuffled) training data set.

Radio button for selection of Hold-Out type of testing of modelling methods — in this case
the user must load the test data set from additional file or take some percentage of data
points from the training data set.

Radio button for selection of v-fold Cross-Validation type of testing of modelling methods —
in this case the user must set the number of folds v for the Cross-Validation and each time
when any modelling algorithm is started, the program will perform Cross-Validation (i.e. the
modelling will be restarted v times) and the results will be stored in a user-chosen file which
can be used for further calculations of averages, variances, standard deviations etc. Note that
the Cross-Validation is done in the proper way — cross-validated are the modelling methods
themselves not the models (i.e. the Cross-Validation loop is performed over the whole
modelling method). The modelling process will be done Vv times. Note also that the models
built during the Cross-Validation should not be used any further — to build models for
further applications the “Hold-out test data set (or no testing)” radio button should be
checked.

Radio button for selection of Hold-Out type of testing of modelling methods using a series
of train/test files — in this case the user must supply template filenames (together with file
paths) for the train and test files. When the modelling is started, a string “#.txt” (where # is
the number of the file) will be added to these names automatically and the corresponding
files will be loaded. This means that if the user has data files e.g. “trainl.txt”, “train2.txt”,
“train3.txt”, “testl.txt”, “test2.txt” and “test3.txt” on drive “C:”, then the templates must
look like “C:\train” and “C:\test” and the values in fields “From” and “To” must be 1 and 3
correspondingly. In case the “Use one test file for all training files” is checked, for all the
training data files a single one test data file will be used (and no additional symbols will be
added to the file path, e.g. the entered string should look like “C:\test.txt”).

A small log for information on training data and testing data — file names, number of data
points (data cases), number of input variables, mean value of y, variance of Yy, standard
deviation of'y etc.

Note that in Cross-Validation or “series of train/test files” modes, VariReg will be creating a
number of temporary files in either its own directory or in the directory of data set. Therefore, for
speed considerations, it is not recommended to use VariReg from a slow storage device like flash
memory etc.
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VariReg: "Demo1™

Data Polynomials | ABFC | LwP k-MM RBF Kriging | MARS | PNM Aweraging || Optimization | Information

____________________________________ Technigue for tezting the modeling methﬂs/@
Loaded training data: C:hWDemol Train.txt L. .
Data rows shuffled. - ( : ) > Load training data... () Hold-out test data set [or na testing]
HName: Demol

Number of cases = 100 Load test data from file... Take from training set...

Number of input wariables = Z
Mean (¥} = 93264179

Shuffling of training data
- () Uze vwfold Cross- alidation E}
War({¥) = 110.067E5E Shuffle training data
STD(Y) = 10.49130% rows after loading O Seies of trainftest fles V\@

__________________________________________________ [recommended for all types

Losded test data: C:iDemol_Test.txt of cross-validation
Humber of cases = 10000 including that of EF-ABFC) E}
Mean (¥) = 7.9641974

Var (T} Random seed: |0

ST T

80. 405986
5.9669374 =

Save [shuffled)
training data to a file...

Figure 4. Tab “Data”

4.2.2. Tab “Polynomials”

Figure 5 demonstrates user’s interface of the tab:

1.

2.

(98]

(Maximal) degree of the model (in the box “Funcs” the total number of the basis function,
considering the number of input variables and the degree, is shown).

Radio buttons for selection of full polynomials (no subset selection) or one of the subset
selection algorithms.

Radio buttons for selection of criterion for subset selection.

The list of built models — user can click on any of the models to get information on it as well
as to draw its 3D surface or to output its functional form.

Whether or not the subset selection will start with the intercept term already included (and
fixed) in the model.

Button for starting the search for the best model.

Button for drawing a 3D surface of the selected model (see Figure 6).

Button for clearing the log.

Whether the degree of the models must be found automatically via Cross-Validation
(requires considerably larger computational resources).

. Button for saving predictions (in the training and/or test data sets) of the model to a file.
. Button for outputting the equation of the model in such way that it can be copied into MS

Excel or other spreadsheet software for further calculations.

. Information on the just built or just selected model:

1) “Total number of basis functions” — the total number of basis functions which were
allowed to be used for model building;

2)  “Used basis functions” — the number of basis functions actually included in the model;

3)  “Total number of input variables” — the total number of input variables in the data set;
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4)  “Number of used input variables” — the number of input variables actually used in the
model;

5) “Degree” — degree of the model (the largest degree of all the basis functions);

6) “TrainMSE” — MSE error in the training data set;

7)  “TestMSE”, “TestRRMSE”, “TestR2” — MSE, RRMSE, and R? errors in the test data
set;

8)  “Used criterion” — criterion used in model building;

9)  “Crit value” — value of the used criterion for the model;

10) “Iterations” — the number of the performed iterations of the chosen search algorithm;

11) “Model evaluations” — the number of model evaluations performed by the chosen
search algorithm;

12) “Method” — name of the chosen modelling method or search algorithm;

13) “Time (s)” — time consumption of the chosen algorithm in seconds (not including data
loading time, model testing time and any other unrelated processing);

14) “Func=" — each basis function of the model is showed as a sequence of degrees for
each input variable of the data set in the same order as the variables appear in the input
files;

15) “Coef=" — coefficient value for a used basis function (if a basis function is not used in
the model, it has no coefficient showed).

VariReg: “Demo1™

Data Polpnamials | ABFC L k-MNN REF Kriging | MARS | PNMN Aweraging | Optimization | Information
0. Mo search. AICc=-67.09. Fns=6. Test=0.07219 Full polynomials and sparse polynomials built by su ection
1.5 . . ~ I
5 = Algorithm for subset zelection
Degree: =] g ; Start search with fixed
() Full polyramial [no subset selection] Hill Clinbing settings O e
. . P
Funcs: () Sequential Forward Selection )
() Sequential Fonward Selection + F-test D d_egree
e Automatically
() Steepest Descent Hill Climbing E} zelect alzo the
() Sequential Floating Fonward Selection degree of the
[ polynomial [from 1
Criterion for model evaluation Losﬂgnledeflned]
.;«:EC Crozs- alidation Crossv alidation
=
GCW =] =]
Cross-alidation f bv]
ave Eq. faor
Delete al ] ’ Delete selected ] l STAPT I [ Diraw stirface l Cle‘ar log l pé?:liclions Ercel | 2] Cells
Total mumber of input wariables = Z -~
Number of used input wvariables = 2
Degree = Z
TrainMsSE = 0.4493489
TestM3E = 041837563
TestBRMEE = 0.07218E5546
TestRZ = 0.99473925
Used criterion = AICc
Crit walue = -67_092339
Iterations = &
Model evaluations = Z2
Method = SFE
Time (s} = 0
0. Func=0,0 Coef=1.91949693446794
1. Func=1,0 Coef=-4. 4812732978988
Z. Func=0,1 Coef=7.E187Z07021015
3. Func=2,0 Coef=3. 10Z58481324647
4. Func=0,Z Coef=3 10Z5843132464Z
E. Func=l,1 Coef=-12_ E4Z2482E54965673
v

Figure 5. Tab “Polynomials”
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Figure 6. Window displaying 3D surface of a selected model

4.2.3. Tab “ABFC”

Figure 7 demonstrates user’s interface of the tab:

Whether to perform EF-ABFC over F-ABFC (the process will take longer, however, the
obtained model mostly will be more reliable).

Optional settings for F-ABFC:

1.

2.

(98]

1)

2)

3)

whether to use the refinement operator which increases individual exponents (this is
from an older F-ABFC version and mostly is not required);

whether to use higher recursion depth for the refinement operators (this is intended
mostly for regression problems with low number of input variables as in these situations
the search algorithm of F-ABFC may sometimes get stuck in a too early local minima);
whether to limit model’s degree (mostly not required).

Radio buttons for selection of criterion for subset selection.
Information on the just built or just selected model (see Section 4.2.2. Point 11).
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VariReg: "Demo1™

Data Palpnomials | ABFC | LwP k-MM RBF Kriging | MARS | PNM Aweraging || Optimization | Information
0. No search, AICC=67.03, Fs=6, Test=0.07219 Adaptive Basis Function Construction
1.
2 [ Create ensemble of F-ABFC [EF-ABFC)
Optional zettings for F-ABFC
Uze the refinement operatar which increases
[ individual exponents [this is from an older F-ABFC
werzion and mostly is not required]
O S?F highﬂt recurstion ?EP”:lfUr' thle = Criterion for model evaluation
refnement operators |mos ar 1o =
nuriber of ingut variables, élrl.g. <5]: £ ® AICE (recommended)
BIC
[ Limit model's degree [mastly not required); E} 8 EEY
S Eq
Delete al ] ’ Delete selected START I [ Diraw zurface l Clear log l pred?c\:;aons quc.;[ [¥] Cellz
8. Func=3,1 Coef=10_697E5Z087664E Y
9. Func=1,2 Coef=4_ 3034Z95197E5317
10, Func=1,3 Coef=10.69752Z0876642
11. Func=3,EZ Coef=-4_ 14016643758845
1Z. Func=3,3 Coef=-13_ 3174382524888
13. Func=4_3 Coef=2.14323753621453
14, Func=4,4 Coef=-3.3901lZ384606318
15, Func=3,0 Coef=0.99576840352E5457
16, Func=4_0 Coef=0.88762Z4824671575
17. Func=0,3 Coef=0.995768403525452
1%. Func=0,4 Coef=0.8876Z4874671575
1%. Func=zZ,3 Coef=-4_ 14016543788545
20, Func=4,1 Coef=-Z_ ZZ781l6ZE5865645
£1. Func=1,4 Coef=-7_ ZzZ7BlEEZ58E65645
2Z. Func=3,4 Coef=2_143297E53681453
23. Func=5,1 Coef=-3.211954664042326
24. Func=1,5 Coef=-3_£11735466404Z37
25, Func=E5,3 Coef=2_09009977508362
6. Func=3_5& Coef=3.09009377508363
W
Figure 7. Tab “ABFC”
4.2.4. Tab “LWP”

Figure 8 demonstrates user’s interface of the tab:

1. Radio buttons for selection of one of the two types of LWP described in Section 2.5.

2. Radio buttons for manual or automatic (using LOOCV) bandwidth selection.

3. Whether or not the degree also must be selected automatically using LOOCV.

4. Radio buttons for selection of scaling of the inputs for all the data points (in training as well
as and in testing data). The scaling is available only when the distance to the farthest point is
not taken into account as otherwise it has no effect on the results. Also note that the data will
be scaled only for the moment of modelling and testing.

5. Information on the just built or just selected model:

1)
2)

3)
4)

“Total number of basis functions” — the number of the basis functions in the model (for
LWP it is equal to the total number of the basis functions);

“Total number of input variables” — the total number of input variables (equal to the
number of input variables included in the model);

“Bandwidth” — chosen bandwidth of the LWP;

For other see Section 4.2.2. Point 11.
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Data | Polpnomials | 4BFC | WP |kNN | RBF
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F : ) .
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B andwidth
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From: To:

[ START l l Draw surface

Save
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l Clear log l

Err{l05) = 0_0055854551
Err{ll5) = 0.00&4352336
Err{llZ.5) = 0.00643141Z25
Err{117.5) = 0.0063855257
Err(l116.25) = 0.0064103305
Err (118 75} = 0.0083£17003
Best bandwidth = 118_.7&

Total number of basis functions
Total number of input wvariables
Nupber of used input variables = EZ
Degree = Z

TrainMEE = 0.0044873377

TestMEE = 0_000Z1E553776&

TestBIEMSE = 0.001&637ZE556

TestREZ = 0.9993373Z2

Bandwidth = 112_.7&

Method = LWP, LOOCY

Time (s} = 0.2Z596

=&
=z

—®

54}

4.2.5. Tab “k-NN”

Figure 8. Tab “LWP”

Figure 9 demonstrates user’s interface of the tab:

The number of the nearest neighbours used for prediction.
Radio buttons for selection of the distance weighting scheme.
Radio buttons for selection of scaling of the inputs for all the data points (in training as well
as and in testing data). Note that the data will be scaled only for the moment of modelling

1.
2.
3.

and testing.

Information on the just built or just selected model (see Section 4.2.2. Point 11).
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Data Polynomials | ABFC | LwP kMM RBF Kriging | MARS | PNM Aweraging || Optimization | Information
0. Mo search, AlCc=-67.09, Frs=F, Test=007219 k-Nearest Neighbours
1. §F5, AlCe=-57.09, Frs=6, Test=0.07219 ) L o
2. F-ABFC, AlCc=427.2, Fns=27, Test=0.008795 . ) (e R Sealing of inputs
3. L'P. LOOCY, Fris=6, T est=0.001637 The number of nearest neighbours: |9 [31] | () No weighting O No scaling

4. k-MN. Test=0.05123
o - () wWeight by 1/distance
(®) Scale to [0,1]
) weight by 1-distance

o ©

Delete all ] ’ Delete selected START I [ Draw surface

Save
predictions

l Clear log l

The faollowing scaling was used:
(=0 - -1} / i1l - -1}
(xl - -1} / (1 - -1}

x0!
x1'

Number of nearest neighbours = &
Distance weighting = l/distance
TrainMsE = -

TestMEE = 021143847

TestBPM2E = 0_0ELZ87ZES

TestRZ = 0.99736962

Method = k-NN

Time {s) =0

Figure 9. Tab “k-NN”

4.2.6. Tab “RBF”

Figure 10 demonstrates user’s interface of the tab:

Radio buttons for selection of the type of basis functions.

Radio buttons for manual or automatic (using LOOCV) smoothing parameter selection for
Gaussian RBF.

Radio buttons for selection of parameter ¢ for multiquadric and thin plate spline RBF.

Radio buttons for selection of scaling of the inputs for all the data points (in training as well
as and in testing data). Note that the data will be scaled only for the moment of modelling
and testing. Also note that the model parameters displayed will be those calculated
according to the scaled data.

Information on the just built or just selected model:

1.
2.

1)

2)
3)

4)

S)
6)

7)

“Total number of basis functions” — the number of basis functions in the model (equal
to the number of data points in the training data set);

“RBF type” — RBF type;

“C” — value of the shape parameter for multiquadric or thin plate spline basis
functions;

“RBF smoothing parameter” — value of the Gaussian RBF smoothing parameter;
“Power-law function parameter” — value of the parameter in the power-law function;
“Coef=" — coefficient value for a basis function (each coefficient and basis function
corresponds to one point in the training data, ordered in the same way the training data
is ordered — note that the order may be shuffled if the “shuffle” checkbox was checked
when the data was loaded);

For other see Section 4.2.2. Point 11.
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I = Predsfined: -
MM T est=005123 @ Predefined: [1 O Sodeto 0]

BEF Multiquadric, Frs=100, 2 () Thin plate zpline o
1/n
® Gaussian (@ Scaleto [_'1'1]
Smoothing parameter for Gauzzian basis functions O Standardize
@/ Shepard interpolation
© ]

Parameter c in the power-law function:
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Delete al ]’ Delete selected ] l START I[ Diraw zurface l Clear log l e
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84 . Coef=-6007. 92353827683
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94 Coef=-5494_ 1080354EZ07
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L Coef=-8165. 25962597317
39. Coef=8484.67832994451

Figure 10. Tab “RBF”
4.2.7. Tab “Kriging”

Figure 11 demonstrates user’s interface of the tab:

1. Radio buttons for selection of the degree of polynomial in the Kriging model.

2. Radio buttons for selection of the correlation function type in the Kriging model.

3. The user must provide initial guess, as well as lower bound and upper bound of correlation
function parameters.

4. The user must provide a path to the matlab.exe (required for the Kriging method

implementation to work). The user must only browse for the matlab.exe file — no

additional configuration of Matlab or special installation of the toolbox is required.

Draw surface of the model right after building it.

6. Checkbox for saving the predictions (in the training and/or test data sets) of the built model
to a file right after building it.

7. Information on the just built model (see Section 4.2.2. Point 11).

e
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Data | Polynomials | 8BFC | LwP | kNN | RBF |Kriging |MAHS PNM | Awveraging | Optimization | Information

Kriging interpolation
Folynomial degree Comelation function Corelation function parameters [theta)
(@]1] () Exponential .
@1 ® Gaussian Iritial guess:
Oz ) Linear Lower bound: |0.0001
() Spherical |Ipper bound:

() Cubic Spline

®

Path to matlah swe: [m Fles\Matlab 1 \bin'win32\MAT LAE eve [ START [ by surface Cearlod | 5. e medictions afer bud
A A
A

T

Building Kriging model. . . @ @

Polynomial degree = 1

Correlation function = Gaussian

Correlation function parameters (theta) initial guess = 1
Correlation function parameters (theta) lower bound = 0.0001
Correlation function parameters (theta) upper bound 10

Done. 4_@

Optimized correlation function parameters (theta): Z.5000000e-001 1.7677670e-001
TestM2E = 4_S6E33EEE-3
TestREMEE =

Figure 11. Tab “Kriging”
4.2.8. Tab “MARS”

Figure 12 demonstrates user’s interface of the tab:

1. Options for the MARS method (see MARS overview in Section 2.9 for details).

2. Choosing the best value for the number of degrees of freedom charged for knot optimization
using 10-fold Cross-Validation.

3. Draw surface of the model right after building it.

4. Checkboxes for seeking optimum of the output variable using the built model and saving the
predictions (in the training and/or test data sets) of the built model to a file right after
building it.

5. Information on the just built model (see Section 4.2.2. Point 11).
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Data | Polynomials | 8BFC | LwP | kNN | RBF Kriging | MARS | PNN || Aweraging | Optimization | Information

Multivariate Adaptive Reqression 5 plines

MaRS settings
Interpolation

Linear

Max interactions (<= number of input vars): |2 '[3} (&) Cubic
@f Speed (1.5, defauli=4), |4 [3]
Penalty per knot (1.9, default=3.0] |3 O Choose df by 10Hold
) (0

Max number of basis functions: | 500 '[3}

Cross-V alidation

‘War number increasing penalty [0..0.1, default=0 E

Dirawe surface [ 5eek optimum after buid
UL O after build CEelie [ 5ave predictions after build

Building MARS model. ..

Nupber of input wariables = E

Maximum number of basis functions = 500
Maximum number of interactions = Z
Speed = 4

Degrees of freedom = 3

Wariable number increasing penalty = 0
Interpolation type = Cubic

TrainSSE = 2.8421486

TrainMSE = 0.085451486

TestMEE = 0.064537536

TestDFEMSE = 0.02843181

TestBZ = 053319163

Time (s} =0

Figure 12. Tab “MARS”

4.2.9. Tab “PNN”

Figure 13 demonstrates user’s interface of the tab:

1.
2.

ol AN

(Maximal) degree of polynomials in each neuron.

Radio buttons for selection of full polynomials (no subset selection) or one of the subset

selection algorithms for generating neurons.

Radio buttons for selection of criterion for subset selection in each neuron as well as for

deciding when to stop the building of the network.

Radio buttons for selection of whether the inputs to the neurons are taken only from the

immediately preceding layer or also prom the original input variables.

Maximum number of inputs for each neuron.

Maximum number of neurons in each layer.

Draw surface of the model right after building it.

Checkboxes for seeking optimum of the output variable using the built model and saving the

predictions (in the training and/or test data sets) of the built model to a file right after

building it.

Information on the just built model:

1) “Total number of generated layers” — the total number of the generated layers of the
network (the last layer is discarded);

2)  “Number of layers” — the number of layers in the final network;

3)  “Used input variables” — the list of input variables used in the final network;

4)  “The number of used input variables” — the number of input variables used in the final
network;

5)  “Crit value” — used criterion’s value for the final network;

6) For other see Section 4.2.2. Point 11.
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Data

Polynomials | ABFC | LwP k-MM RBF Kriging | MaRS | PHN Aweraging || Optimization | Information
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—®

Figure 13. Tab “PNN”

4.2.10. Tab “Averaging”

Figure 14 demonstrates user’s interface of the tab:

Selection of the modelling methods used for averaging.

Selection of the averaging methods.

The user must provide a path to the matlab.exe (required for the Kriging method and the
NNLS method implementations to work). The user must only browse for the matlab.exe
file — no additional configuration of Matlab or special installation of the toolbox is required.
Draw surface of the model combination from a one averaging method right after building
the combination.

Checkbox for saving the predictions (in the training and/or test data sets) of the model
ensemble to a file right after building it.

Information on the just built model combinations:

1.
2.
3.

1)

LOOCY errors and error variances;

predictive performances for the individual methods in the test data set;
models weights calculated by the averaging methods;

predictive performances for the averaging methods in the test data set;
total elapsed time.
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v

Figure 14. Tab “Averaging”
4.2.11. Tab “Optimization”

Figure 15 demonstrates user’s interface of the tab:

1. The list of built models — user can click on any of the models to get information on it, to
draw its 3D surface as well as to perform optimization using this model.

Choice of the optimization problem type — minimization or maximization.

Choice of the optimization algorithm.

Particle Swarm Optimization algorithm settings.

Grid Search algorithm settings.

Button for starting the optimization.

Optimization results (values of input variables for the optimized value of output variable as
well as the number of performed function evaluations and elapsed time).

Nownbkwd
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Figure 15. Tab “Optimization”



5. USING VARIREG FROM COMMAND LINE AND FROM MATLAB

All the regression modelling methods implemented in VariReg can also be accessed from:
e command line using . ini configuration files;
e Matlab environment using wrapper functions provided together with VariReg.

5.1. Using VariReg from command line

To use VariReg methods from a command line you must do the following:
e Make an .ini file which contains all the necessary information for VariReg to self-
configure its parameters.

File ParamsFullDefault.ini provided together with VariReg contains all the available
VariReg parameters with their names and default values. In this file every parameter is
explained. All the parameters correspond to visual controls in the VariReg user’s
interface so also all the explanations of how to configure VariReg’s methods given in
sections 3 and 4 of this user’s manual apply also to the parameters in the . ini files.

e Prepare your training and/or test data files in the right format.
The format of training and test data files is similar to VariReg’s “normal” input files
(explained in figures 2 and 3) except that the files must not contain headers, i.e. a data
file starts immediately with the input-output values of the first data point (see Figure 16).

0.45 0.69 0.63
0.73 0.03 0.41

0.34 0.02 0.76

Figure 16. Input file format for both training data and test data; each row is one data point

If testing the model using a test data set is not required but instead it has to be applied
for prediction of unknown values, the column of output variable y in the test file then
may contain just zeros or any other random values as this column does not affect the
prediction process (it is only required for correct calculation of error measures which are
then stored in one of the output files).

e Execute VariReg.exe with a command line parameter which informs the program about the
location of your .ini file (for example it can be done using a -bat file or from another
program).

If for example VariReg.exe is located at C:\variReg\ and the configuration
parameters file MyParams. ini is located at C:\ then the command line will look like
this: C:\VvariReg\VariReg.exe "C:\MyParams.ini". Note that the complete path to
the . ini file is recommended to be put in quotation-marks as otherwise spaces in file or
directory names will disrupt the path.

e Read-in the results from the VariReg output files.

VariReg saves the chosen modelling method’s predictions in two separate files — one for
predictions in training data and one for predictions in test data. The format of the output
files is similar to the format of the input files except that the first columns correspond to
input variables X, the second last column corresponds to output variable y (values of
which were given in the input file), and the last column contains values which were
predicted by the built model (see Figure 17 compared to Figure 16). Note that you will
get output files formatted in the same way if you use the “Save predictions” button (or
checkbox) when the program is used in direct manner from the user’s interface.

32



0.69 0.63 0.45 0.44
0.03 0.41 0.73 0.74

0.02 0.76 0.34 0.32

Figure 17. Output file format for both training data and test data; each row corresponds to one data
point with its actual and predicted y value (compare to input file format given in Figure 16)

Additionally VariReg can create also an “information” file which has just the same
content as the one displayed in the VariReg user’s interface log when the modelling
method is executed (e.g., when the program is used in direct manner). The information
file can be further used to e.g. extract the actual execution time of the modelling method
or extract its accuracy evaluation results.

If using - ini file the VariReg was configured to perform an outer Cross-Validation loop
(to evaluate the modelling method’s predictive performance), only an “information” file
will be outputted containing all the evaluation information gathered in each Cross-
Validation iteration. Here the format of such an output file is dependent of the used
modelling method. The specific format can be found out by doing Cross-Validation
directly from the VariReg user’s interface on any training data file using the same
method and saving the results file.

Delete the output files.

See .ini and .bat file examples provided together with VariReg.

5.2. Using VariReg from Matlab

To use VariReg methods from Matlab you must do the following:

Add the directory which contains the wrapper functions (“...\VariReg\Using VariReg
from command line and from Matlab\Matlab\”) to the search path of Matlab.

Edit the file varireg_getpath.m so that it contains the actual path to VariReg.exe. By
default it is assumed that the directory is “C:\VariReg\”. All the provided wrapper
functions will place also all their temporary input and output files in this directory.

Use the wrapper functions in .m files provided together with VariReg or create new
functions for specific needs. In general, using VariReg’s methods from Matlab’s wrapper
functions is very similar to using the methods from command line, i.e. 1) a configuration file
for VariReg is created; 2) the training/test data is saved in temporary files; 3) VariReg is
run; 4) results are read-in; 5) temporary files are deleted. The contents of all the files are
formatted in the same way as explained in Section 5.1. However, those details can be just
ignored when you are calling the wrapper functions themselves.
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